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We show that a Polish metric space X which has ‘compact conﬁguration spaces’ is free of
almost isometric embeddings, i.e. given such an embedding into X one gets an isometric
embedding. By assuming a continuous version of ℵ0-homogeneity we get the converse
statement, and also prove almost isometry uniqueness.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
The concept of an almost isometry between metric spaces supplies an interesting relaxation of outright isometry (see [2],
where the nature of this relaxation is nicely described). A natural question is whether it is indeed a relaxation in various
contexts, i.e. whether an almost isometry (resp. almost isometric embedding) between two metric spaces with certain
properties implies the existence of some isometry (resp. isometric embedding) between the two spaces.
We now give the deﬁnition of an almost isometric embedding and almost isometry from [2]:
Deﬁnition 0.1.
(i) Let A and B be two metric spaces. An almost isometric embedding (or AIE) from A to B is a sequence ( fn)n0 such that
fn : A → B is λn-bi-Lipschitz and λn n→ 1.
(ii) An almost isometry is an AIE such that all the maps fn are onto. Two metric spaces A and B are said to be almost
isometric if there is some almost isometry between them.
There are two natural ways for a metric space to admit few AIEs (where (ii) is from [2]).
Deﬁnition 0.2. Let B be a metric space.
(i) We say that B is free of almost isometric embeddings (or AIE-free) if whenever there is an AIE from some metric space A
to B , there is actually an isometric embedding of A into B .
(ii) We say that B is almost isometry unique if, whenever some metric space A is almost isometric to B , the space A is
actually isometric to B .
E-mail address: yoavy6174@gmail.com.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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subsets: a complete metric space B is AIE-free if and only if whenever there is an AIE from some dense subset of a metric
space A to B , there is an isometric embedding from a dense subset of A into B . Likewise a complete metric space B is
almost isometry unique if and only if whenever a metric space X is almost isometric to a dense subset of B , X is isomeric
to a dense subset of B . For the latter equivalence one just needs to note two easy facts: ﬁrst, that if some space X is almost
isometric to Y then its completion Xˆ is almost isometric to Yˆ ; and second, that if A is almost isometric to the complete
space B then A is also complete (as it is bi-Lipschitz equivalent to B).
In the next example we show that neither of the two properties deﬁned in 0.2 implies the other, even in the category of
complete metric spaces.
Example 0.3.
(i) Let X = N+ ∪ {n+ 15 + 15n : n ∈ N+}. Then X is not AIE-free, since there is an AIE from {0, 15 } to X . However X is almost
isometry unique, as is not hard to verify: we just note that the distance between any pair of adjacent points in X is
isolated in the set of distances present in X , and that this set of isolated distances is an almost isometry invariant,
leaving the details to the reader.
(ii) Let H be a separable Hilbert space, and let Y ⊆ H consist of an inﬁnite number of orthogonal segments beginning
at 0H such that ℵ0 of them have unit length, and the lengths of the other segments enumerate some countable dense
subset Q of (0,1). Then Y is not almost isometry unique (one can change the set Q arbitrarily without changing the
almost isometry class), but it is AIE-free. To see this note ﬁrst that Y embeds isometrically into its subspace Z consisting
only of the segments of unit length, hence it is enough to show that Z is AIE-free. This can probably be proved directly,
but we will prove this in Corollary 1.6(i) by noting that Z is a conﬁguration-compactum, i.e. its bounded conﬁguration
spaces are compact (see Deﬁnition 1.1(iv)).
This paper is motivated by the following questions: can one ﬁnd natural conditions on a complete metric space which
are suﬃcient for AIE-freeness or almost isometry uniqueness? In Section 1 we ﬁnd a suﬃcient condition for a Polish metric
space to be AIE-free concerning bounded compactness of conﬁguration spaces. By assuming a version of ℵ0-homogeneity
we get a partial converse, and also prove almost isometry uniqueness. We note that there are complete subspaces of the real
line which are neither almost isometry unique nor AIE-free (see [3]), hence these counter-examples are not conﬁguration-
compacta.
This paper was written as a response to some questions raised by Menachem Kojman. The author would like to thank
warmly Menachem Kojman for many fruitful discussions and suggestions throughout the research leading to this paper.
The author would also like to thank the Mathematics department of Ben-Gurion University for their hospitality during the
writing of this paper.
1. Conﬁguration-compacta
In this section we deﬁne conﬁguration-compactness of metric spaces, and prove that, in the class of Polish metric spaces,
this condition is suﬃcient for being AIE-free. We then prove that if one assumes a continuous version of ℵ0-homogeneity
then conﬁguration-compactness is equivalent to AIE-freeness, and is also suﬃcient for being almost isometry unique. Note
that throughout the paper the term ‘compact’ refers to the deﬁnition which deals with open covers, in particular a compact
space need not be Hausdorff.
Deﬁnition 1.1. Let B be some metric space, and let Isom(B) denote the group of isometries of B . Let  be some natural
number.
(i) The -conﬁguration space of B , denoted by C(B), is deﬁned to be the topological space B modulo the action of Isom(B).
We call elements of C(B) -types in B (we also use the term B--conﬁgurations, and usually omit ).
(ii) Given any -tuple x¯ = (xi)i< ∈ B we denote its image in C(B) by tpB(x¯) (and we sometimes omit B). We will also
denote tpB(x¯) = p by x¯ | p, and say that the tuple x¯ realizes the type p.






) ∣∣ ∀i < j < : dB(xi, x j) D
}
.
(iv) We call B a conﬁguration-compactum if for any   1 and D  0 the space CD (B) of D-bounded B-conﬁgurations is
compact.
Remark 1.2.
(i) Since C(B) is a quotient of the metrizable topological space B by a group of isometries (relative to any reasonable
metric on B) it is pseudo-metrizable, i.e. its topology is generated by balls of the following pseudo-metric: given
Y. Yaffe / Topology and its Applications 158 (2011) 1307–1313 1309p,q ∈ C(B) deﬁne d(p,q) = inf{dB (x, y): x | p∧ y | q} (where dB is the maximum metric). We will use the notation
p ∼ q to denote d(p,q) = 0.
(ii) As a result of pseudo-metrizability of C(B) we can conclude that when C
D
 (B) is compact it is also sequentially
compact.
(iii) A Hilbert space H is a conﬁguration-compactum: the continuous map φ : CD (H) → [0, D]
2
deﬁned by
φ(tpH ((xi)i<)) = (dH (xi, x j))i, j< is one-to-one by -homogeneity of H ; and the image of φ is a closed subset
of [0, D]2 by 1-homogeneity of R and compactness of closed balls in R . The Urysohn space is a conﬁguration-
compactum for similar reasons.
(iv) For those familiar with Model Theory: note that the term ‘type’ is used here mainly for suggestive reasons, and the
term ‘second-order type’ is probably more appropriate.
(v) Conﬁguration-compactness does not imply completeness, for example the space R \ Q is a conﬁguration-compactum.
We note here that the pseudo-metric mentioned in Remark 1.2(i) might not be a metric even when B is complete
and separable (equivalently C(B) need not be Hausdorff). For example deﬁne on S = [0,1) the “circle” metric dS (x, y) =
min(|x− y|,1−|x− y|), and then use the fractional part function 〈x〉 = x−[x] to deﬁne on B = S ∪ ([1,2)∩Q) the following
metric: ∀x = y: dB(x, y) = [x] + dS (〈x〉, 〈y〉) + [y]. Then for any x, y ∈ S we have tp(x) ∼ tp(y), although tp(x) = tp(y)
whenever x− y, x+ y /∈ Q.
We now give some further examples of conﬁguration-compacta (Example 1.3 and Proposition 1.4), to be used later.
We will use the notation [] for the set {i ∈ N: i < }.
Example 1.3. Let H be the separable Hilbert space, and let Z ⊆ H consist of countably many orthogonal segments of unit
length beginning at the origin 0H . We claim that Z is a conﬁguration-compactum: deﬁne a map c : CD (Z) → [0,
√
2]2+
by c(tp(xi)i<) = (d(xi, x j))i, j<(d(xi,0H ))i< . Then the map c is indeed well deﬁned since 0H is a ﬁxed point of Isom(Z),
and it is not hard to verify that c is one-to-one, and that both c and its inverse are continuous. Furthermore the image
of c is given by closed conditions, saying that there is an equivalence relation ∼ on [] such that if i ∼ j then the triplet
{xi, x j,0H } forms a ‘ﬂat’ triangle, and if i  j then {xi, x j,0H } forms a right triangle. Hence the image Im(c) is compact,
as required.
Proposition 1.4. Let B be any Banach space which is a sum of r Hilbert spaces H0, H1, . . . , Hr−1 . In detail let ‖ • ‖b be some norm
on Rr , and given vk ∈ Hk (for k < r) deﬁne ‖(vk)k<r‖B = ‖(‖vk‖2)k<r‖b. Then B is a conﬁguration-compactum.
Proof. Fix some   1 and D  0. We need to show that CD (B) is compact. Let K = {(xki j)k<ri, j< ∈ R0r
2 | ∀i  j < :
‖(xij)k<r‖b  D}. Then clearly K is compact. Given some x= (xki j)k<ri, j< ∈ K and some k < r deﬁne a function dx,k : []2 → R0
by dx,k(i, j) = xki j . Now let K0 ⊆ K be deﬁned as the set of x ∈ K such that for every k < r the function dx,k is a pseudo-
metric on [], and the induced metric is Hilbertian. Then K0 is closed, hence compact. We will now deﬁne a continuous
function F from K0 onto C
D
 (B), thus showing that indeed C
D
 (B) is compact, as required.
Given some x = (xki j)k<ri, j< ∈ K0 and k < r choose an -tuple (vki )i< ∈ Hk such that ∀i  j < : ‖vki − vkj‖2 = xki j (this is
possible by the deﬁning property of K0). Now for any i <  let vi = (vki )k<r ∈ B , and deﬁne F (x) = tpB((vi)i<). The map F
is well deﬁned since each Hi is -homogeneous, and F is indeed into the D-bounded part of C(B) by the deﬁning property
of K . It is clear that F is continuous and onto, as required. 
1.1. A suﬃcient condition for AIE-freeness
From now on we discuss mainly the class of Polish metric spaces, that is complete separable metric spaces. Note that
being a conﬁguration-compactum implies a property with the ﬂavor of ℵ0-homogeneity—the set of -types with a speciﬁed
‘quantiﬁer-free type’ (see 1.9(iv) below for the precise deﬁnition), although not a singleton, is still a “small” set (being
compact). For example let B be a space as in Proposition 1.4, and consider the set {tpB(x, y): x, y ∈ B∧dB(x, y) = 1} ⊆ C2(B).
We will use the following notation: let π+m : C+m(B) → C(B) denote the projection induced by the restriction to the
ﬁrst  coordinates of B+m , i.e. π+m : tpB((xi)i<+m) → tpB((xi)i<). Note that these projection maps are continuous.
Theorem 1.5. Let B be a Polish metric space, and assume B is a conﬁguration-compactum. Then B is AIE-free.
Proof. Assume we have an AIE ( fn)n0 from some metric space A to B . Then in particular A is homeomorphic to a subspace
of B , and since B is separable so is A. Let X be a countable dense subset of A. We need to embed A isometrically in B , but
since B is complete it is enough to embed X isometrically in B .
Let X = {xi: i ∈ N} be an enumeration of X , and for  0 let X = {xi: i < }. We will construct below partial isometries
h : X → B (for  0) such that the following two properties hold:
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k→ tp((h(xi))i<) for some increasing sequence (nk)k0 (which depends on );
(ii) ∀i < : d(h(xi),h+1(xi)) < 2− .
This construction suﬃces: by (ii) we have for every i ∈ N the Cauchy sequence (h(xi))>i , and clearly deﬁning F (xi) =
lim→∞ h(xi) gives the required isometry from X into the complete space B .
We proceed by induction on   0, the basis being trivial. So assume that for some   0 we have an isometry h
from X into B satisfying property (i) above. For n ∈ N let pn = tp(( fn(xi))i). There is some λ such that fn is λ-bi-
Lipschitz for all n, hence there is some D  0 such that ∀n: pn ∈ CD (B). By Remark 1.2(ii) we may assume that pn
n→ p.
Note that π+1 (pn) = tp(( fn(xi))i<), hence using (i) we may assume without loss that π+1 (pn)
n→ tp((h(xi))i<). Since
π+1 is continuous we also have π
+1
 (pn)
n→ π+1 (p), but note that we can only conclude π+1 (p) ∼ tp((h(xi))i<)—see
Remark 1.2(i).
Now we can ﬁnd some realization (yi)i< ∈ B of π+1 (p) such that ∀i < : d(yi,h(xi)) < 2− , and then some y ∈ B
such that (yi)i | p. Finally deﬁning h+1 by ∀i  : h+1(xi) = yi clearly satisﬁes properties (i) and (ii), as required. 
Corollary 1.6.
(i) The space Z from Example 1.3 is AIE-free. Hence the space Y deﬁned in Example 0.3(ii) is indeed an AIE-free complete metric space
which is not almost isometry unique.
(ii) If a Banach space B is a sum of r copies of the separable Hilbert space then by Proposition 1.4 B is a conﬁguration-compactum,
hence B is also AIE-free.
Note that the completeness assumption is necessary in the above proposition: the separable conﬁguration-compactum
R \ Q is not AIE-free, since for example there is an almost isometric embedding of [0,1] \ πQ into R \ Q. The space R \ Q
is also not almost isometry unique, as it is almost isometric to R \ πQ. Unfortunately we do not know the answer to the
following natural question:
Question 1.7. In the class Polish of Polish metric spaces, is conﬁguration-compactness suﬃcient for almost isometry unique-
ness?
However the next proposition says that if two conﬁguration-compacta from the class Polish are almost isometric then
they are actually isometric. Therefore a positive answer to Question 1.7 would be equivalent to stating that, in the class
Polish, conﬁguration-compactness is an almost isometry invariant (it is not such an invariant in the class of all separable
metric spaces, for example since the conﬁguration-compactum R \ Q is almost isometric to (R \ Q) ∪ {0}).
Proposition 1.8. Let A and B be two Polish metric spaces, and assume both are conﬁguration-compacta. If A and B are almost
isometric then they are actually isometric.
Proof. Let {Brk (ck): k ∈ N} be a basis of open balls for A (ck ∈ A, rk > 0). For each k ∈ N let Uk = Brk/2(ck). Similarly let{Bsk (ek): k ∈ N} be a basis of open balls for B , and for each k ∈ N let Vk = Bsk/2(ek). We will construct for every  0 an
almost isometry f  = ( f n )n0 of A onto B and -tuples (ai )i< ∈ A , (bi )i< ∈ B such that the following properties hold:
(i) limn f n ((a

i )i<) = (bi )i< .






i ) < 2
− .
(iii) For every k ∈ N we have ∀ > 2k: a2k ∈ Uk and ∀ > 2k + 1: b2k+1 ∈ Vk .
This will suﬃce: ﬁrst note that if we deﬁne h by ∀i < : h(ai ) = bi we get by (i) that h is a partial isometry from A
to B . Now by (ii) we get for every i ∈ N a Cauchy sequence (ai )>i , hence we may deﬁne ai = lim ai ∈ A, and similarly
bi = lim bi ∈ B . Clearly deﬁning h : A → B by ∀i ∈ N: h(ai) = bi gives an isometry, as each h is an isometry (this also
shows that h is actually well deﬁned). Now by (iii) we get for every k ∈ N that a2k ∈ Uk ⊆ Brk (ck), hence {a2k: k ∈ N} is
dense in A, and similarly {b2k+1: k ∈ N} is dense in B . Therefore h extends to an isometry of A onto B , as required.
The construction is by induction on   0. For the basis  = 0 take f 0 to be any almost isometry of A onto B . Now
assume by induction that for some   0 we have an almost isometry f  and tuples (ai )i< , (bi )i< satisfying (i)–(iii)
above. Note that, since there is some λ such that f n is λ-bi-Lipschitz for all n, property (i) is symmetric for A and B . Hence
we may assume  = 2k is even.
For i <  let a+1i = ai , and let a+1 = ck (remember that  = 2k). Now for n ∈ N let pn = tpB( f n ((a+1i )i  )). Since f n
is λ-bi-Lipschitz we have some D  0 such that pn ∈ CD+1(B) for all n. Hence by conﬁguration-compactness of B there is
some p ∈ C+1(B) such that pn n→ p.
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of Theorem 1.5). Now choose some  > 0 satisfying  < 2− and ∀k: 2k+1<  ⇒ B(b2k+1) ⊆ Vk , and ﬁnd some realization
(b+1i )i< ∈ B of π+1 (p) such that ∀i < : d(b+1i ,bi ) <  . Finally choose some b+1 ∈ B such that (b+1i )i | p. It is
clear that properties (ii) and (iii) are satisﬁed by the two ( + 1)-tuples we deﬁned. Note that tpB( f n ((a+1i )i  )) = pn
n→
p = tpB((b+1i )i  ), hence we can ﬁnd an almost isometry f +1 satisfying property (i) by post-composing the maps of f 
with the relevant isometries of B . 
We also note here that a positive answer to Question 1.7 would generalize Theorem 10 of [2], since the conditions on the
space X of that theorem imply conﬁguration-compactness. The key observation is that if a space X satisﬁes the conditions
of Theorem 10 of [2] then by an argument similar to the proof of that theorem we can actually get an isometry of X on
itself mapping y to Br(x0), and conﬁguration-compactness of X follows quite easily.
1.2. Continuous ℵ0-homogeneity
The converse of Theorem 1.5 is false by Example 0.3(ii), as it is not hard to verify that the space Y there is not a
conﬁguration-compactum. However by assuming a continuous version of ℵ0-homogeneity we get this converse, and we also
get almost isometry uniqueness of the relevant spaces.
We ﬁrst give some deﬁnitions concerning general conﬁguration spaces. Again we use the notation [] = {i ∈ N: i < }.
Deﬁnition 1.9.
(i) For  1 let C be the space of all pseudo-metrics on []. An element c ∈ C is called an -conﬁguration, or simply a
conﬁguration. Given D  0 let CD = {c ∈ C | ∀i, j ∈ []: c(i, j) D} be the space of D-bounded -conﬁgurations.
(ii) We topologize C in the obvious way, for example by deﬁning the following metric d on C: ∀c1, c2 ∈ C: d(c1, c2) =
max{|c1(i, j) − c2(i, j)|: i, j ∈ []}.
(iii) Let A be some metric space and let a¯ = (ai)i< ∈ A be an -tuple. Then the conﬁguration of a¯ is the element c ∈ C
deﬁned by ∀i, j ∈ []: c(i, j) = dA(ai,a j), which will be denoted by conf(a¯). We say that a conﬁguration c ∈ C is present
in A if there is some a¯ ∈ A such that conf(a¯) = c.
(iv) Let conf : C(A) → C be deﬁned by ∀a¯ ∈ A: conf(tp(a¯)) = conf(a¯) (clearly this is well deﬁned). Given a type p ∈ C(A)
we call conf(p) the conﬁguration of p.
So roughly speaking C is the space of all labeled metric spaces with at most  points. We get a natural projection
π+m : C+m → C by restricting each c ∈ C+m to []2 ⊆ [ +m]2.
We give here a simple lemma showing how conﬁgurations are transfered into conﬁguration-compacta by almost isomet-
ric embeddings.
Lemma 1.10. Let B be a conﬁguration-compactum, and assume there is an AIE from some metric space A to B. Let c ∈ C be a
conﬁguration that is present in A (for some  1). Then c is also present in B.
Proof. Let ( fn)n be an AIE from A to B , and let a¯ ∈ A be such that conf(a¯) = c. For every n ∈ N let pn = tp( fn(a¯)). Since
there is some λ such that all the maps fn are λ-bi-Lipschitz there exists some D  0 such that ∀n: pn ∈ CD (B). By
conﬁguration-compactness of B we may assume that pn
n→ p ∈ C(B) (see Remark 1.2(ii)). Now conf(pn) n→ conf(p) (as the
map conf : C(B) → C is continuous), but since ( fn)n is an AIE we also have limn conf(pn) = limn conf( fn(a¯)) = conf(a¯) = c.
Letting b¯ ∈ B be any -tuple realizing p we get conf(b¯) = conf(p) = c, hence c is present in B , as required. 
Clearly a metric space A is ℵ0-homogeneous if and only if the map conf : C(A) → C is one-to-one for every   1.
We now deﬁne two versions of ℵ0-homogeneity:
Deﬁnition 1.11. Let A be some metric space.
(i) We call A nearly ℵ0-homogeneous if for every  1 and p,q ∈ C(B), if conf(p) = conf(q) then p ∼ q (see Remark 1.2(i)).
(ii) We call A continuously ℵ0-homogeneous if whenever conf(pn) n→ conf(p) for pn, p ∈ C(A) we also have pn n→ p.
Remark 1.12.
(i) Near ℵ0-homogeneity follows easily from ℵ0-homogeneity, and also from continuous ℵ0-homogeneity.
(ii) Continuous ℵ0-homogeneity does not follow from ℵ0-homogeneity, even in the class of complete metric spaces: let d
be a metric on N such that if n − m is odd then d(n,m) = 1, and otherwise d(n,m) = 1 + ‖n − m‖2. Then (N,d) is
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(since we do not have tp(0,2n+1) n→ tp(0,1)).
(iii) Continuous ℵ0-homogeneity does not imply ℵ0-homogeneity: the space R \ Q is continuously ℵ0-homogeneous but is
not even 1-homogeneous. We do not know whether the above implication is also false in the class of complete metric
spaces.
(iv) Near ℵ0-homogeneity does not imply ℵ0-homogeneity in the class of complete metric spaces: there is a nearly ℵ0-
homogeneous complete metric space which is not even 1-homogeneous. This metric space may be described as a
densely-branching version of the Cayley graph of the free group, and is described in detail in [4].
In the next lemma we note that for a conﬁguration-compactum the two notions introduced in Deﬁnition 1.11 are equiv-
alent.
Lemma 1.13. Let B be a nearly ℵ0-homogeneous conﬁguration-compactum. Then B is continuously ℵ0-homogeneous.
Proof. Assume conf(pn)
n→ conf(p) for pn, p ∈ C(B). We need to prove pn n→ p, so for contradiction we may assume
without loss that for some  > 0 we have ∀n: d(pn, p)   (see Remark 1.2(i) for the deﬁnition of the pseudo-metric d
on C(B)). Since conf(pn)
n→ conf(p) there is some D  0 such that ∀n: pn ∈ CD (B). Now by conﬁguration-compactness
of B we may assume pn
n→ p˜, and we can conclude that d(p˜, p)  . On the other hand we get conf(p˜) = limn conf(pn) =
conf(p), so by near ℵ0-homogeneity we get p˜ ∼ p (i.e. d(p˜, p) = 0), giving us the required contradiction. 
We can now prove a partial converse to Theorem 1.5, by adding versions of ℵ0-homogeneity to both premise and
conclusion.
Proposition 1.14. Let B be a Polish metric space. Then B is a nearly ℵ0-homogeneous conﬁguration-compactum if and only if B is
AIE-free and continuously ℵ0-homogeneous.
Proof. First assume that B is a nearly ℵ0-homogeneous conﬁguration-compactum. Then by Theorem 1.5 B is AIE-free, and
by Lemma 1.13 B is continuously ℵ0-homogeneous.
For the other direction assume B is AIE-free and continuously ℵ0-homogeneous. By Remark 1.12(i) B is nearly ℵ0-
homogeneous. Fix some   1 and D  0. Since B is separable so is C(B), hence it is enough to prove that CD (B) is
sequentially compact. Let (pn)n be a sequence from C
D
 (B). Then by compactness of C
D
 we may assume conf(pn)
n→
c0 ∈ C . It is enough to show that c0 is present in B , i.e. that c0 = conf(p) for some p ∈ C(B), since by continuous ℵ0-
homogeneity we can then conclude that pn
n→ p, and sequential compactness follows. We intend to let S be the metric
space which is the unlabeled version of c0, then ﬁnd an AIE from S to B , but note that the possibility of S having less than
 elements complicates things somewhat.
Given the limit conﬁguration c0 deﬁne on [] an equivalence relation by i ∼ j if and only if c0(i, j) = 0. Now let S be the
quotient set []/ ∼ with the metric induced by the pseudo-metric c0, and for each element e ∈ S choose some representative
ie ∈ e. For every n let b¯n = (bin)i< ∈ B be any realization of pn , and deﬁne fn : S → B by fn(e) = bien . Then ( fn)n is an AIE
from S to B , hence by AIE-freeness S embeds isometrically into B , i.e. there is an isometry h : S → B .
Let b¯ = (bi)i< ∈ B be the resulting labeled version of S in B , i.e. for i <  let bi = h(i/ ∼). Then conf(b¯) = c0, hence c0
is present in B , as required. 
Remark 1.15. Note that AIE-freeness was used only for AIEs from ﬁnite spaces to B , hence this weaker form of AIE-freeness
is equivalent to AIE-freeness under the assumption of continuous ℵ0-homogeneity.
Let B be a Polish metric space, and assume B is a conﬁguration-compactum. By Theorem 1.5 we know that B is AIE-free.
We now wish to show that if we assume further that B is nearly ℵ0-homogeneous then B is also almost isometry unique.
Some of the arguments are similar to the proof of Proposition 1.8.
Theorem 1.16. Let B be a nearly ℵ0-homogeneous Polish metric space, and assume B is a conﬁguration-compactum. Then B is almost
isometry unique.
Proof. Assume some metric space A is almost isometric to B , i.e. there is an AIE ( fn)n0 from A onto B . Since A is home-
omorphic to the separable space B it is separable, too. Let X be a countable dense subset of A, given with an enumeration
X = {xi: i ∈ N}. Let {Bri (ci): i ∈ N} be a basis of open balls for B . For each i ∈ N let Ui = Bri/2(ci).
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the following properties hold:
(i) ∀i ∈ N: a2i = xi ;
(ii) ∀i ∈ N: ∀ > 2i + 1: h(a2i+1) ∈ Ui ;
(iii) ∀k ∈ N: ∀ > k: d(h(ak),h+1(ak)) < 2− .
This will suﬃce: by (iii) we get for every k ∈ N a Cauchy sequence (h(ak))>k , hence we may deﬁne h : {ak | k ∈ N} →
B by ∀i ∈ N: h(ak) = lim h(ak). Clearly since each h is an isometry so is h (this also shows h is well deﬁned in the
case where not all points in the sequence (ak)k∈N are different). Also the domain of h contains by (i) the dense subset
X = {a2i: i ∈ N} ⊆ A, while its range contains the subset {h(a2i+1): i ∈ N} which is dense in B (since by (ii) we have
h(a2i+1) ∈ B¯ri/2(ci) ⊆ Bri (ci)). Hence h extends to an isometry of A onto B , as required.
The construction is by induction on , the basis being trivial. So assume that for some  0 we have a sequence (ak)k<
and an isometry h : {ak | k < } → B satisfying (i)–(iii) above. Let a¯ = (ak)k< and b¯ = (h(ak))k< . If  = 2 j is even then let
a = x j , and use Lemma 1.10 to ﬁnd (b˜k)k ∈ B+1 satisfying conf((b˜k)k) = conf((ak)k). Since conf((b˜k)k<) = conf(a¯) =
conf(b¯) we get from near ℵ0-homogeneity tp((b˜k)k<) ∼ tp(b¯), hence we may assume without loss that ∀k < : d(b˜k,bk) <  ,
for some  > 0 satisfying  < 2− and ∀i < j: B(h(a2i+1)) ⊆ Ui . Finally deﬁning h+1 by ∀k  : h+1(ak) = b˜k clearly
satisﬁes properties (i)–(iii).
If  = 2 j+ 1 is odd let b′ = c j . First note that limn conf( fn(a¯)) = conf(a¯) = conf(b¯), and since by Lemma 1.13 B is actually
continuously ℵ0-homogeneous we get tp( fn(a¯)) n→ tp(b¯). By post-composing each map fn with an appropriate isometry of
B we may assume fn(a¯)
n→ b¯.
Now for every n let zn = fn−1(b′) (remember fn is onto B), and use Lemma 1.10 to ﬁnd an isometry gn : {ak | k < } ∪




















Since B is continuously ℵ0-homogeneous we can conclude that tp(gn(a¯zn)) n→ tp(b¯b′). Now choose some  > 0 satis-
fying  <min(2−, r j/2) and ∀i < j: B(h(a2i+1)) ⊆ Ui , and let n satisfy d(tp(gn(a¯zn)), tp(b¯b′)) <  . By post-composing
gn with isometries of B we may assume without loss d(gn(a¯zn), b¯b′) <  . Finally let a = zn and h+1 = gn . Veriﬁcation
of properties (i)–(iii) is straightforward. 
Corollary 1.17. By Remark 1.2(iii) both the separable Hilbert space and the Urysohn space are conﬁguration-compacta, and clearly
both are ℵ0-homogeneous. Hence both spaces are almost isometry unique.
Remark 1.18.
(i) The results of Corollary 1.17 are known (see e.g. [1] for the Hilbert space, and Theorem 17 of [2] for the Urysohn space),
and the main interest is the fact that one can give a uniform argument for both cases.
(ii) As stated in Question 1.7, we do not know whether the assumption of near ℵ0-homogeneity is needed in Theorem 1.16,
i.e. are there complete separable conﬁguration-compacta which are not almost isometry unique. The completeness as-
sumption is needed, as shown by the space R \ Q.
We may summarize the main results of Section 1.2 as follows:
Corollary 1.19. Let B be a continuously ℵ0-homogeneous separable complete metric space.
(i) The space B is AIE-free if and only if it is a conﬁguration-compactum.
(ii) If B is AIE-free then it is almost isometry unique.
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